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Abstract

Steady natural convection of air in a two!dimensional enclosure isothermally heated from one side and cooled from
the ceiling is analyzed numerically using a stream functionÐvorticity formulation[ Based on numerical predictions\ the
e}ects of Rayleigh number and aspect ratio on ~ow pattern and energy transport are investigated for Rayleigh numbers
ranging from 092 to 096\ and for _ve di}erent aspect ratios of 9[14\ 9[49\ 0[9\ 1[9 and 3[9[ The e}ect of Rayleigh number
on heat transfer is found to be more signi_cant when the enclosure is shallow "ar × 0# and the in~uence of aspect ratio
is stronger when the enclosure is tall and the Rayleigh number is high[ Þ 0888 Elsevier Science Ltd[ All rights reserved[

Nomenclature

ar aspect ratio\ dimensionless
` gravitational acceleration ðm:s1Ł
Gr Grashof number\ dimensionless
H height of the enclosure ðmŁ
L length of the enclosure ðmŁ
n coordinate in normal direction
Nu Nusselt number\ dimensionless
Pr Prandtl number\ dimensionless
Ra Rayleigh number\ dimensionless
T temperature ðKŁ
t time ðsŁ
u velocity component in x!direction ðm:sŁ
U nondimensional velocity component in x!direction
v velocity component in y!direction ðm:sŁ
V nondimensional velocity component in y!direction
x\ y coordinates de_ned in Fig[ 0
X\ Y nondimensional coordinates[

Greek symbols
a thermal di}usivity ðm1:sŁ
b thermal expansion coe.cient ð0:KŁ
z vorticity ð0:sŁ
u nondimensional temperature

� Corresponding author[ Tel[] ¦351 2142112^ fax] ¦351
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j nondimensional vorticity
t nondimensional time
c stream function ðm1:sŁ
C nondimensional stream function
F generalized nondimensional variable[

Subscripts
C cold wall
H hot wall
i\ j coordinate indices
wall at wall
x in x!direction
y in y!direction[

0[ Introduction

In many engineering applications and naturally occur!
ring processes\ natural convection plays an important
role as a dominating mechanism[ Besides its importance
in such processes\ due to the coupling of ~uid ~ow and
energy transport\ the phenomenon of natural convection
remains an interesting _eld of investigation[

There are numerous studies in the literature regarding
natural convection in enclosures\ a considerable amount
of which is given in a review by Ostrach ð0Ł[ Most of the
previous studies on natural convection in enclosures are
related to either side heating or bottom heating ð1Ð7Ł[

Although many di}erent boundary conditions are
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present in practice\ there are a limited number of studies
available in the literature dealing with more complex
boundary conditions[ Hasnaoui et al[ ð8Ł investigated
natural convection in an enclosure with localized heating
from below[ Ganzarolli and Milanez ð09Ł conducted a
numerical study for steady natural convection in an
enclosure heated from below and symmetrically cooled
from the sides[ Valencia and Frederick ð00Ł numerically
investigated natural convection of air in square cavities
with half!active and half!insulated vertical walls for
Rayleigh numbers from 092 to 096[ Chinnokotla et al[
ð01Ł performed a parametric study on buoyancy!induced
~ow and heat transfer from L!shaped corners with asym!
metrically heated surfaces[ Selamet and Arpaci ð02Ł stud!
ied natural convection in a vertical slot with narrow upper
section and investigated the e}ect of a sudden!change in
hot wall temperature on ~ow and energy transport[ Chu
et al[ ð03Ł conducted an experimental and numerical study
to investigate the e}ects of heater size\ heater location\
aspect ratio\ and boundary conditions on two!dimen!
sional laminar natural convection in rectangular enclos!
ures[ November and Nansteel ð04Ł studied the natural
convective ~ow in a square enclosure with a cooled ver!
tical wall and a heated ~oor[ Poulikakos ð05Ł reported
numerical results for natural convection in an enclosure
heated and cooled along a single wall[ In their numerical
study\ Aydin et al[ ð06Ł considered the case of a square
enclosure heated from one side and cooled from above\
and investigated the in~uence of Prandtl number on ~ow
_eld and energy transport[

In the present study\ natural convection in a rec!
tangular enclosure heated from one side and cooled from
the ceiling is analyzed numerically[ Both the hot wall and
cold ceiling temperatures are assumed to be uniform[ This
type of boundary conditions has a practical importance
especially in cooled ceiling applications[ The main objec!
tive of this study is to determine the e}ect of aspect ratio
and Rayleigh number on ~ow pattern and heat transfer
in the enclosure[

1[ Analysis

The geometry and coordinate system of the problem
under consideration is depicted in Fig[ 0[ The size of the
enclosure in z!direction is assumed to be in_nitely long[
The enclosure is heated from one side and cooled from
the ceiling while the other side wall and the ~oor are
perfectly insulated[ The hot wall and cold ceiling are
considered to be isothermal at TH and TC\ respectively
and the other side wall and ~oor adiabatic[

1[0[ Mathematical formulation

The nondimensional set of the governing equations
"stream function\ vorticity and energy equations# for a

Fig[ 0[ Geometry and coordinate system[

two!dimensional\ incompressible laminar ~ow with con!
stant ~uid properties are given as ð06Ł
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where the nondimensional parameters including stream
function and vorticity are de_ned in the following forms]

X �
x
H

Y �
y
H

u �
T−TC
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t �
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"4#

Appearing in eqn "2#\ Pr � v:a is the Prandtl number
and Ra � `bH2"TH−TC#:va is the Rayleigh number[

1[1[ Boundary conditions

Through the introduction of the nondimensional par!
ameters into the physical boundary conditions illustrated
in Fig[ 0\ the following nondimensional boundary con!
ditions are obtained ð06Ł]

u � 0 U � 9 V � 9 at X � 9 and 9 ³ Y ³ 0

"5#
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1u

1X
� 9 U � 9 V � 9 at X � ar and 9 ³ Y ³ 0

"6#

1u

1Y
� 9 U � 9 V � 9 at Y � 9 and 9 ³ X ³ ar

"7#

u � 9 U � 9 V � 9 at Y � 0 and 9 ³ X ³ ar

"8#

where ar � L:H is the aspect ratio of the enclosure[
For stream function\ the boundary condition for entire

surface of the enclosure is taken to be

C � 9 "09#

which implies that there is no mass transfer through the
walls of the enclosure and that the boundaries themselves
form one of the streamlines ð1Ł[

In general\ the value of the vorticity on a solid bound!
ary is deduced from Taylor series expansion of the stream
function C around the solid point ð07Ł and can be ex!
pressed mathematically as

jwall � −
11C
1n1

"00#

where jwall is the value of the vorticity at wall and n is
the outward drawn normal of the surface[ In numerical
calculations\ the values of vorticity at corners are taken
as averages of the values of vorticity at two neighbouring
nodes[

1[2[ Avera`e Nusselt numbers for hot and cold walls

The average Nusselt numbers\ Nuy for heated vertical
wall and Nux for cooled ceiling are given by

Nuy � g
0

9

Nu"Y# dY "01#

Nux �
0
ar g

ar

9

Nu"X# dX "02#

where Nu"Y# and Nu"X# are local Nusselt numbers for
heated side wall and cooled ceiling\ respectively and are
given by

Nu"Y# � $−
1u

1X%X�9

"03#

Nu"X# � $−
1u

1Y%Y�0

"04#

1[3[ Numerical procedure

The governing equations along with the boundary con!
ditions are solved numerically\ employing _nite!di}er!
ence techniques[ The vorticity transport and energy equa!
tions are solved using the Alternating Direction Implicit

method of Peaceman and Rachford ð08Ł\ and the stream
function equation is solved by SOR "successive over!
relaxation# method ð19Ł[ The over!relaxation parameter
is chosen to be 0[7 for stream function solutions[ In order
to avoid divergence in the solution of vorticity equations
an under!relaxation parameter of 9[4 is employed[ The
buoyancy and di}usive terms are discretized by using
central di}erencing while the use of upwind di}erencing
is preferred for convective terms for numerical stability[
Starting from arbitrarily speci_ed initial values of vari!
ables\ the discretized transient equations are then solved
by marching in time until an asymptotic steady!state
solution is reached[ Convergence of iteration for stream
function solution is obtained at each time step[ The fol!
lowing criterion is employed to check for steady!state
solution

s
i\ j

=Fn¦0
i\ j −Fn

i\ j = ¾ o "05#

where F stands for C\ j or u^ n refers to time and i and j
refer to space coordinates[ The value of o is chosen as
09−4[ The time step used in the computations is varied
between 9[99990 and 9[993\ depending on Rayleigh num!
ber and mesh size[ All the computations are carried out
on a Vax 5999!419 mainframe computer[

A grid independence study is conducted using four
di}erent grid sizes of 10×10\ 20×20\ 30×30\ and 50×50
for ar � 0[99 and it is observed that a further re_nement
of grids from 30×30 to 50×50 does not have a signi_cant
e}ect on the results in terms of average Nusselt number
and the maximum value of the stream function[ Based
on this observation\ a uniform grid of 30×30 points is
used for all of the calculations for ar � 0[99[ Similar grid
dependency studies are carried out for the other aspect
ratios and an optimum grid size is obtained for each
aspect ratio[ In addition\ the grid size dependent e}ect of
the discontinuity in temperature at the intersection of the
hot and cold walls on the local Nusselt number is taken
care of by using a well de_ned temperature pro_le in this
corner region[ Although the temperature discontinuity at
this corner has no in~uence on the numerical calculation
of the interior temperatures and the ~ow _eld\ due to the
non!integrable singularity of heat ~ux at this point\ it is
necessary to make some considerations about this singu!
lar point ð00Ł[ The simplest way of handling this problem
is assuming the average temperature of the two walls
at the corner and keeping the adjacent nodes with the
respective wall temperatures[ Ganzorolli and Milanez
ð00Ł assumed a linear temperature pro_le between the
corner node and the next adjacent node and performed
some tests to determine the grid dependence of average
Nusselt number[ Even though their tests showed that
the grid dependence of the average Nusselt number is
important for very coarse meshes only\ the grid depen!
dence of the local Nusselt number at this corner is very
signi_cant[ The local Nusselt number at this corner
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becomes larger and larger as the grid is re_ned[ In fact\
this is not very meaningful as far as the real physical
systems are concerned[ When the two walls at di}erent
temperatures come into a perfect physical contact\ the
interface will assume a thermal equilibrium at an inter!
mediate temperature and\ depending on the thermal con!
ductivity of the respective wall material\ there will be a
temperature distribution in the wall in some neighbour!
hood of the corner[ Based on this argument\ we assumed
that the corner node is at the average temperature and
we adopted linear temperature distributions in very small
sections "the sizes of which are independent of the grid
size# of both walls in the neighbourhood of the top left
corner[

In order to test the computer code developed in this
study\ the problem of buoyancy!driven ~ow in a square
cavity that has di}erentially heated vertical walls and

Fig[ 1[ Streamlines and isotherms for ar � 0[9] "a# Ra � 092^ "b# Ra � 093^ "c# Ra � 094^ "d# Ra � 095^ "e# Ra � 096[

adiabatic upper and bottom walls is studied[ A very good
agreement is obtained between the test problem solution
and the bench mark solution of de Vahl Davis ð10Ł[ The
temperature distribution data and the average Nusselt
numbers for very low Rayleigh numbers are also com!
pared with pure conduction solution obtained through
the separation of variables and a perfect agreement is
observed[

2[ Results and discussion

Computations are carried out for air as working ~uid
with a Prandtl number of 9[60[ The e}ect of aspect ratio
ar is studied by considering _ve di}erent values] 9[14\ 9[4\
0[9\ 1[9\ and 3[9[ It is worth to note that in this study the
aspect ratio ar � L:H is equal to the ratio of cold wall
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Fig[ 2[ Streamlines and isotherms for ar � 1[9] "a# Ra � 092^ "b# Ra � 093^ "c# Ra � 094^ "d# Ra � 095^ "e# Ra � 096[

length LC to hot wall length LH[ The e}ect of Rayleigh
number is investigated in the range of 092 ¾ Ra ¾ 096[
The results are presented in Figs[ 1Ð5 in the form of
streamlines and isotherms[ In the _gures\ isotherms rep!
resent the lines with equal intervals between zero "at
cold wall# and unity "at hot wall#\ and the streamlines
represent the lines having the values between Cmin and
Cmax[

2[0[ Square enclosure

Figure 1 shows the streamlines and isotherms for
square enclosure "ar � 0# for various Rayleigh numbers[
At Ra � 092\ streamlines form a nearly centrally located
single cell and corresponding isotherms exhibit the
characteristics of pure conduction forming a diagonally
symmetric structure as illustrated by Fig[ 1"a#[ The

ascending warmer ~uid\ which is lifted along the hot wall
by a weak clockwise recirculation\ is rapidly cooled in
the vicinity of cold ceiling by descending colder ~uid
layer[ The interaction of warmer and colder ~uid streams
results in spreading of isotherms in upper right quadrant
of the enclosure and compression in the lower left quad!
rant[ As the Rayleigh number increases\ the center of
the single cell moves toward lower right corner of the
enclosure[ As a consequence of increasing convective
motion with increasing Rayleigh number\ temperature
gradients near the heated vertical wall and cooled ceiling
become more severe and colder ~uid tends to occupy the
lower part of the enclosure "Fig[ 1"b##[ At Ra � 094\ in
Fig[ 1"c#\ a thermal boundary layer formation is observed
adjacent to the heated and cooled walls[ With further
increase in Rayleigh number to 095 and 096\ the boundary
layers become more distinguished "Fig[ 1"d# and "e##[
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Fig[ 3[ Streamlines and isotherms for ar � 3[9] "a# Ra � 092^ "b# Ra � 093^ "c# Ra � 094^ "d# Ra � 095^ "e# Ra � 096[

Fig[ 4[ Streamlines and isotherms for ar � 9[4] "a# Ra � 092^ "b# Ra � 093^ "c# Ra � 094^ "d# Ra � 095^ "e# Ra � 096[



O[ Aydin et al[:Int[ J[ Heat Mass Transfer 31 "0888# 1234Ð1244 1240

Fig[ 5[ Streamlines and isotherms for ar � 9[14] "a# Ra � 092^ "b# Ra � 093^ "c# Ra � 094^ "d# Ra � 095^ "e# Ra � 096[

The asymmetry of the ~ow is the main di}erence when
compared with ~ow in a di}erentially heated enclosure[
Temperature gradient on heated vertical wall is
maximum at the bottom and decreases from bottom to
top[ Similar variation of the temperature gradient is
observed on a cooled ceiling\ the maximum gradient
being at the left corner[ Therefore\ heat ~ux from hot
wall decreases from bottom to top while heat ~ux to
cold ceiling decreases from left to right[ For Ra − 094

isotherms tend to be increasingly strati_ed in upper half
of the enclosure and the ~uid becomes relatively stagnant
in the core region[

2[1[ Shallow enclosures

The ~ow pattern and temperature distributions for
ar � 1 and ar � 3\ representing shallow enclosures\ are

demonstrated in Figs[ 2 and 3\ respectively[ Similar to
the case of square enclosure\ a clockwise rotating single
cell is observed for both cases at Rayleigh numbers up to
095[ At Ra � 096\ a second cell is observed at the lower
right region[ For low Rayleigh numbers the cell\ the
center of which is located closer to the heated wall\ does
not occupy the entire enclosure and the isotherms exhibit
nearly pure conduction characteristics[ As the Rayleigh
number increases\ the center of the cell moves from left
to right along the x!axis and the ~ow tends to occupy
the whole enclosure more uniformly[ This phenomenon
becomes more pronounced with increasing aspect ratios
as it is demonstrated in Fig[ 3 for ar � 3[ From Fig[ 3"a#Ð
"c# we see that\ while only one half of the enclosure is
occupied at Ra � 092\ the occupied region is extended to
2:3 of the enclosure at Ra � 093 and to the entire enclos!
ure at Ra � 094[ From the _gures it is also observed that
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the isotherms for Ra � 092 become nearly parallel to the
heated vertical wall and except the left corner region\ the
ceiling remains thermally inactive[ The ~uid serves as an
isothermal cold reservoir in this case and heat transfer
from hot wall to this reservoir is mainly through heat
conduction[ As the Rayleigh number increases\ the iso!
therms are distorted along the diagonal of the enclosure
due to convection resulting in extension of thermally
active zone on the cold ceiling towards insulated vertical
wall[ However\ even at high Rayleigh numbers\ thermal
boundary layer is established at the vicinity of left corner
only[

2[2[ Tall enclosures

Figures 4 and 5 show the in~uence of aspect ratio and
Rayleigh number on ~ow and heat transfer in enclosures
having the aspect ratios of ar � 9[4 and ar � 9[14\ re!
spectively which are considered to be tall enclosures[ At
Ra � 092\ the structure of streamlines and isotherms sug!
gest that the ~ow pattern is characterized by a weak single
cell circulation and heat transfer is mainly through heat
conduction for both aspect ratios[ The center of the single
cell is located at a point closer to the ceiling for these
cases[ For ar � 9[4\ the circulation becomes stronger and
center of the cell moves downwards slightly as Rayleigh
number increases[ For ar � 9[14\ on the other hand\ the
variation of Rayleigh number in low Rayleigh range
"Ra ¾ 094# does not a}ect the ~ow and temperature _elds
considerably\ persisting on a regime similar to that of
pure conduction[ The cell does not occupy the entire
enclosure for this case[ At higher Rayleigh numbers\
when Ra − 094 for ar � 9[4 and when Ra − 095 for
ar � 9[14\ the ~ow occupies the whole enclosure with the
exception of lower left corner at which thermally inactive
walls intersect and bottom wall imposes a severe restric!
tion on the ~ow[ With increasing Rayleigh numbers\ the
isotherms are compressed towards the hot wall and the
cold ceiling and most of the enclosure is occupied by
warmer ~uid[ Due to this e}ect\ the single cell is expanded
in both vertical and horizontal directions with a slight
distortion in ~ow direction[ This expansion results in
boundary layer formation at Ra � 095 for ar � 9[4 and
at Ra � 096 for ar � 9[14[ Convection in boundary layers
alters the sign of temperature gradients in turn\ and
thus a secondary cell formation occurs in the core region
"Fig[ 4"e##[

2[3[ Nusselt number for hot vertical wall

Based on numerical temperature data\ local and aver!
age Nusselt numbers are calculated using eqns "01#Ð"04#[
Since we are dealing with a steady state problem with no
heat generation and no viscous energy dissipation\ it is
clear\ from the overall energy balance\ that the average
Nusselt numbers for the heated side wall and the cooled

ceiling are not independent of each other[ The overall
energy balance for the enclosure yields the following
relation between these two Nusselt numbers]

Nux � Nuy:ar "06#

Keeping this point in mind\ the in~uence of Rayleigh
number and aspect ratio on heat transfer within the
enclosure is investigated by considering Nuy as the basic
heat transfer parameter[ The in~uence of Rayleigh num!
ber on average Nusselt number for heated vertical wall is
shown in Fig[ 6 for various aspect ratios[ At low Rayleigh
numbers "Ra ¾ 093#\ especially for tall enclosures
"ar ³ 0#\ the in~uence of Rayleigh number on average
Nusselt number is not signi_cant[ The in~uence becomes
stronger as Rayleigh number increases beyond 093[ The
NuÐRa relation follows the power law Nu ½ Ra0:3

approximately beyond Ra � 093 for square "ar � 0# and
shallow "ar × 0# enclosures\ and beyond Ra � 094 for tall
enclosures[ The e}ect of aspect ratio on average Nusselt
number is demonstrated in Fig[ 7 more clearly[ It can be
observed from the _gure that the in~uence of aspect ratio
on average Nusselt number di}ers in signi_cance for tall
and shallow enclosures[ For the case of tall enclosure\
the dependence of Nusselt number on aspect ratio is
represented by a sharper slope in Nu−ar curve for a _xed
Rayleigh number[ The slopes of the curves increase as
the aspect ratio decreases implying a stronger aspect ratio
e}ect[ For the case of shallow enclosure\ on the other
hand\ the average Nusselt number has a weak dependence
on aspect ratio\ particularly at low Rayleigh numbers[
The insensitiveness of the average Nusselt number on
aspect ratio variation for this case can be attributed to
the partially inactive section of the cold ceiling when the
aspect ratio is large[ In the same _gure\ pure conduction
solution is also shown for comparison purposes[ The
average Nusselt number for pure conduction case is cal!
culated using the closed form expression below\ obtained
through the use of separation of variables

Nuy � s
�

m�0

"sin bm#1

bm

tan hbmar "07#

where bms are the eigenvalues and calculated from

bm �"1m−0#p

1
"08#

From the _gure it is clear that numerical results for
Ra � 092 agree well with the analytical solution ex!
hibiting nearly pure conduction characteristics[

Comparison of present results with those of Refs[ ð1Ł
and ð10Ł is shown in Fig[ 8 At high Rayleigh numbers\
Ra − 095\ there is no discernible di}erence between the
results from the present study and from Refs[ ð1\ 10Ł[ At
low Rayleigh numbers\ Ra ³ 094\ on the other hand\
average Nusselt numbers obtained in this study are quite
higher than those given in ð1\ 10Ł[ This di}erence is obvi!
ously related to the di}erence in physical boundary con!
ditions under consideration[ In the previous studies\ the
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Fig[ 6[ Variation of average Nusselt number at the heated wall with Rayleigh number[

Fig[ 7[ Variation of average Nusselt number at the heated wall with aspect ratio[

enclosure is heated from one side and cooled from the
other side\ while heating from one side and cooling from
ceiling is considered in this study[ In low Rayleigh range\
the dominant energy transport mechanism is conduction
and it takes shorter distance for heat to di}use from hot
wall to cold ceiling in case of cold ceiling application
compared to the case of side cooling\ thus resulting in
higher Nusselt numbers as it is observed from Fig[ 8[ In
high Rayleigh range a boundary layer is established on
the hot wall and the dominating mechanism is convec!
tion[ A similar single cell forms within the enclosure for
both cases carrying the same amount of overall energy

from the hot wall to the cold wall[ In moderate Rayleigh
range\ 094 ¾ Ra ¾ 095\ energy transport through
di}usion and convection are comparable[ Again due to
more e}ective conduction\ the cold ceiling system has
a better heat transfer e.ciency over the cold side wall
system[

3[ Conclusions

In this study we presented the results of a numerical
study of buoyancy!induced ~ow and heat transfer in a
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Fig[ 8[ Comparison of the present results " for a square enclosure with heated side wall and cooled ceiling# with the results " for a square
enclosure with heated and cooled side walls# of Davis and Jones ð10Ł and Markatos and Pericleous ð1Ł[

two!dimensional enclosure isothermally heated from one
side and cooled from the ceiling[ The in~uence of Ray!
leigh number on ~uid ~ow and heat transfer is inves!
tigated in the range of 092 ¾ Ra ¾ 096[ Regarding the
e}ect of enclosure con_guration\ four di}erent aspect
ratios ar � 9[14\ 9[4\ 1[9\ and 3[9 are considered besides
square enclosure "ar � 0#[ For each aspect ratio it is found
that a clockwise rotating single cell exists for Ra ¾ 095[
For Ra � 096\ a secondary cell is observed for all cases
except for ar � 9[14[ For the case of tall enclosure
"ar ³ 0#\ average Nusselt number does not change sig!
ni_cantly in low Rayleigh range "Ra ¾ 093# while it has
a rather strong dependence on Rayleigh number in high
Rayleigh range "Ra − 094# and the warmer ~uid occupies
nearly the entire enclosure[ For square and shallow
enclosures "ar − 0#\ average Nusselt number increases
monotonically with increasing Rayleigh number and a
major part of the enclosure is occupied by colder ~uid
especially at high Rayleigh numbers[ Compared to the
results of previous studies in which partially heated
square enclosures are considered\ present heat transfer
results are found to be superior especially in conduction
dominated low Rayleigh regions[
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